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Abstract. We establish model category structures on algebras and modules 
over operads in symmetric spectra, and study when a morphism of operads 
induces a Quillen equivalence between corresponding categories of algebras 
(resp. modules) over operads. 



1. Introduction 

Operads parametrize simple and complicated algebraic structures and naturally 
arise in several areas of algebraic topology, homotopy theory, and homological alge- 
bra [3 1131 UHl [Ml I3ni 131] • The symmetric monoidal category of symmetric spectra 
[H] provides a simple and convenient model for the classical stable homotopy cat- 
egory, and is an interesting setting where such algebraic structures naturally arise. 
Given an operad O in symmetric spectra, we are interested in the possibility of 
doing homotopy theory in the categories of C-algebras and O-modules in symmet- 
ric spectra, which in practice means putting a Quillen model structure on these 
categories of algebras and modules. In this setting, O-algebras are the same as left 
O-modules concentrated at f Section l3.18p . This paper establishes a homotopy 
theory for algebras and modules over operads in symmetric spectra. 

The main theorem is this. 

Theorem 1.1. Let O be an operad in symmetric spectra. Then the category of 
O-algebras and the category of left O-modules both have natural model category 
structures. The weak equivalences and fibrations in these model structures are in- 
herited in an appropriate sense from the stable weak equivalences and the positive 
flat stable fibrations in symmetric spectra. 

Remark 1.2. For ease of notation purposes, we have followed Schwede |37j in using 
the term flat (e.g., flat stable model structure) for what is called S (e.g., stable 
S'-model structure) in ^Tl [551 [55] . 

The theorem remains true when the positive flat stable model structure on sym- 
metric spectra is replaced by the positive stable model structure. This follows 
immediately from the proof of Theorem 11.11 since every (positive) stable cofibration 
is a (positive) flat stable cofibration. The theorem is this. 

Theorem 1.3. Let O be an operad in symmetric spectra. Then the category of 
O-algebras and the category of left O-modules both have natural model category 
structures. The weak equivalences and fibrations in these model structures are in- 
herited in an appropriate sense from the stable weak equivalences and the positive 
stable fibrations in symmetric spectra. 
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In Section [5] we prove that a morphism of operads which is an objectwise stable 
equivalence induces an equivalence between the corresponding homotopy categories 
of algebras (resp. modules). The theorem is this. 

Theorem 1.4. Let O be an operad in symmetric spectra and let Alg^ (resp. Lto) 
be the category of O- algebras (resp. left O -modules) with the model structure of 
Theorem \l.l\ or \l.S\ If f '■ O >0' is a map of operads, then the adjunctions 

(1.5) Mga^^Mgo', Lto^^Lto', 

/* /* 

are Quillen adjunctions with left adjoints on top and f* the forgetful functor. If 
furthermore, f is an objectwise stable equivalence, then the adjunctions (jl.Sp are 
Quillen equivalences, and hence induce equivalences on the homotopy categories. 

The properties of the flat stable model structure on symmetric spectra are fun- 
damental to the results of this paper. For some of the good properties, see [21] 
Theorem 5.3.7 and Corollary 5.3.10]. The positive flat stable model structure, 
compared to the flat stable model structure, arises very clearly in our arguments. 
See, for example, Proposition |4?28] and its proof, the following of which is a special 
case of particular interest. 

Proposition 1.6. Ifi: X — >Y is a cofihration between cofibrant objects in sym- 
metric spectra with the positive fiat stable model structure and t > 1, then X^* — >Y^^ 
is a cofibration of Yit-diagrams in symmetric spectra with the positive fiat stable 
model structure, and hence with the flat stable model structure. 

In Section[7]we summarize several constructions and results of particular interest 
for the special case of algebras over operads. 

1.7. Relationship to previous work. One of the theorems of Schwede and Ship- 
ley |38| is that the category of monoids in symmetric spectra has a natural model 
structure inherited from the (flat) stable model structure on symmetric spectra. 
This result was improved in [16j to algebras and left modules over any non-E op- 
erad O in symmetric spectra. 

One of the theorems of Shipley [33] (resp. Mandell, May, Schwede, and Shipley 
|28j ) is that the category of commutative monoids in symmetric spectra has a 
natural model structure inherited from the positive flat stable model structure 
(resp. positive stable model structure) on symmetric spectra. Theorems 11.11 and 11.31 
improve these results to algebras and left modules over any operad O in symmetric 
spectra. 

One of the theorems of Elmendorf and Mandell [6j is that for symmetric spectra 
the category of algebras over any operad O in simplicial sets has a natural model 
structure inherited from the positive stable model structure on symmetric spectra. 
Theorem 1 1 . 31 improves this result to algebras and left modules over any operad O in 
symmetric spectra. Their proof involves a filtration in the underlying category of 
certain pushouts of algebras. We have benefitted from their paper and our proofs 
of Theorems 11.11 and 11.31 exploit similar filtrations. 

Another of the theorems of Elmendorf and Mandell ^6 is that a morphism of 
operads in simplicial sets which is an objectwise weak equivalence induces a Quillen 
equivalence between categories of algebras over operads. Theorem 11.41 improves this 
result to algebras and left modules over operads in symmetric spectra. 
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Our approach to studying algebras and modules over operads is largely influenced 
by Rezk [35] , 
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2. Symmetric spectra 

The purpose of this section is to recall some basic definitions and properties 
of symmetric spectra. A useful introduction to symmetric spectra is given in the 
original paper [21]; see also the development given in [37;. Define the sets n := 
{1,. ..,n} for each n > 0, where := denotes the empty set. Let denote 
the simphcial circle A[l]/aA[l] and for each n > define 5" := (^i)^" the n-fold 
smash power of S^, where 5° := A[0]+ = A[0] E A[0]. 

Definition 2.1. Let n > 0. 

• S„ is the category with exactly one object n and morphisms the bijections 
of sets. 

• S* is the category of pointed simplicial sets and their maps. 

• Sj" is the category of functors X : S„ — >S» and their natural transforma- 
tions. 

In other words, an object in Sj" is a pointed simplicial set X equipped with a 
basepoint preserving left action of the symmetric group I]„ and a morphism in S J" 
is a map /: X — >Y in S, such that / is I]„-equivariant. 

2.2. Symmetric spectra. Recall the following definition from f^T, Section 1.2]. 

Definition 2.3. A symmetric spectrum X consists of the following: 

(1) a sequence of objects A„ e S^" (^^ > 0), and 

(2) a sequence of maps a: AX„ — >A„+i in S, {n > 0), 

(3) such that the iterated maps cr^ : A A„ — >X„+p are Ep x I]„-equivariant 
for p > I and n > 0. Here, ap :— a{S^ Aa) ■ ■ ■ {S^^^ A a) is the composition 
of the maps 

S'' A A Xn+p-l-i ^ S' A Xn+p-i ■ 

The maps a are the structure maps of the symmetric spectrum. A map of symmetric 
spectra f : X — >Y is 

(1) a sequence of maps /„ : A„ — >F„ in Sf" (n > 0), 

(2) such that the diagram 



S'AX„^^X„ 



A r„ Yn+l 

commutes for each n > 0. 
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Denote by Sp^ the category of symmetric spectra and their maps; the nuU object 
is denoted by *. 

The sphere spectrum S is the symmetric spectrum defined by Sn ■— S", with 
left I]„-action given by permutation and structure maps cr: 5^ A 5" — the 
natural isomorphisms. 

2.4. Symmetric spectra as modules over the sphere spectrum. The pur- 
pose of this subsection is to recall the description of symmetric spectra as modules 
over the sphere spectrum. A similar tensor product construction will appear when 
working with algebras and left modules over operads in Section [31 

Definition 2.5. Let n > 0. 

• S is the category of finite sets and their bijections. 

• is the category of functors X : S — >S* and their natural transforma- 
tions. 

• If X e S^, define X„ ^[n] the functor X evaluated on the set n. 

• An object X € is concentrated at n if Xr = * for all r n. 

If X is a finite set, define \X\ to be the number of elements in X. 

Definition 2.6. Let A" be a finite set and A in S*. The copowers A ■ X and X ■ A 
in S» are defined as follows: 

A- X ■.= Y[A^ AAX+ , X ■ A:^]J_A = X+AA, 

X X 

the coproduct in S* of \X\ copies of A. 

Definition 2.7. Let A, Y be objects in S^. The tensor product X®Y G is the 
left Kan extension of objectwise smash along coproduct of sets, 

u 

xm 



left Kan extension 



Useful details on Kan extensions and their calculation are given in [26l X]; in 
particular, see [2^1 X.4]. The following is a calculation of tensor product, whose 
proof is left to the reader. 

Proposition 2.8. Let X,Y be objects in Sj and A^ G S, with n :— \N\. There are 
natural isomorphisms, 



iX^Y)n ^ iX^Y)[N] = JJ A[^-i(l)]AF[7r-i(2)], 

tt: TV >2 

in Set 

(2.9) - U ^"s„ ;e„ ^"1^^"- 

Remark 2.10. The coproduct is in the category S,. Set is the category of sets and 
their maps. 

The following is proved in [211 Section 2.1] and verifies that tensor product in the 
category inherits many of the good properties of smash product in the category 
S*. 
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Proposition 2.11. (Sj, 0, S**^) has the structure of a closed symmetric monoidal 
category. All small limits and colimits exist and are calculated objectwise. The unit 
S° £ Sf IS given by S"[n] ^ * for each n > 1 and S'"[0] ^ S° . 

The sphere spectrum S has two naturally occurring maps S^S — ''S and 5° — >S 
in which give S the structure of a commutative monoid in (S^, (S>, S'^). Further- 
more, any symmetric spectrum X has a naturally occurring map m: Si^X — >X 
which gives X a left action of S in (Sf , (g), 5'^). The following is proved in pTl 
Section 2.2] and provides a useful interpretation of symmetric spectra. 

Proposition 2.12. Define the category E' := n„>oSn; a skeleton ofE. 

(a) The sphere spectrum S is a commutative monoid in (S^, ®, S^). 

(b) The category of symmetric spectra is equivalent to the category of left S- 
modules in (Sj, 0, 5'^). 

(c) The category of symmetric spectra is isomorphic to the category of left S- 
modules in (Sf ,(>^,S^). 

In this paper we will not distinguish between these equivalent descriptions of 
symmetric spectra. 

2.13. Smash product of symmetric spectra. The smash product X AY E Sp^ 
of symmetric spectra X and Y is defined as the colimit 

(m®id \ 
X^y 1 X(E)S(^Y ). 

Note that since 5' is a commutative monoid, a left action of 5 on X determines 
a right action m : X(^$S — >X which gives X the structure of an {S, S')-bimodule. 
Hence the tensor product X^s'Y has the structure of a left S'-module. 

The following is proved in pTl Section 2.2] and verifies that smash products of 
symmetric spectra inherit many of the good properties of smash products of pointed 
simplicial sets. 

Proposition 2.15. (Sp^, A , S) has the structure of a closed symmetric monoidal 
category. All small limits and colimits exist and are calculated objectwise. 

Recall that by closed we mean there exists a functor which we call mapping 
object (or function spectrum), 

(Sp^)"" X Sp^^Sp^, (Y, Z) ^ Map(r, Z), 

which fits into isomorphisms 

(2.16) hom(X AY,Z)= hom(X, Map(r, Z)), 

natural in symmetric spectra X, Y, Z. These mapping objects will arise when we 
introduce mapping sequences associated to circle products in Section [31 

3. Algebras and modules over operads 

In this section we recall certain definitions and constructions involving symmetric 
sequences, algebras, and modules over operads. A useful introduction to operads 
and their algebras is given in [M]. See also the original article [30]; other accounts 
include [1 [HI [H HZl [Ml [31 SI] • The circle product introduced in Section [331 goes 
back to [iniSD] and more recently appears in[71[ni[ni[21[531[35]. A fuller account 
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of the material in this section is given in ,.16] for the general context of a monoidal 
model category, which was largely influenced by the development in [35j . 

3.1. Symmetric sequences. 

Definition 3.2. Let n > and G be a finite group. 

• A symmetric sequence in Sp^ is a functor A: S°p — >Sp^. SymSeq is the 
category of symmetric sequences in Sp^ and their natural transformations; 
the null object is denoted by *. 

• SymSeq'^ is the category of functors X: G — >SymSeq and their natural 
transformations. 

• A symmetric sequence A is concentrated at n if A[r] = * for all r ^ n. 

3.3. Tensor product and circle product of symmetric sequences. 

Definition 3.4. Let X be a finite set and A in Sp^. The copowers A ■ X and X ■ A 
in Sp^ are defined as follows: 

A- X ■.= Y[A = AAX+ , X ■ A:^Y[A = X+AA, 

X X 

the coproduct in Sp^ of \X\ copies of A. 

Definition 3.5. Let Ai,...,At be symmetric sequences. The tensor products 
Ai^ ■ ■ ■ (^At e SymSeq are the left Kan extensions of objectwise smash along co- 
product of sets, 

(s°p)x* ^^^-^^s (sp^) sp^ 
u 

left Kan extension ^ 

This definition of tensor product in SymSeq is conceptually the same as the defi- 
nition of tensor product in Sj given in Definition 12. 71 The following is a calculation 
of tensor product, whose proof is left to the reader. 

Proposition 3.6. Let Ai, . . . , At be symmetric sequences and i? £ E, with r := \R\. 
There are natural isomorphisms, 

iAi^---^At)[R]^ Jl Ai[7r-i(l)]A ••• AAj7r-i(i)], 

tt: R *t 

in Set 

(3.7) - H Ai[ri]A ••• AAi[rt] • S., 

riH i-rt=r 

It will be useful to extend the definition of tensor powers A®* to situations in 
which the integers t are replaced by a finite set T. 

Definition 3.8. Let A be a symmetric sequence and R,T eY,. The tensor powers 
j^®T g SymSeq are defined objectwise by 

(3.9) {A^^)[R]:= [] At^TA[K-\t)l T^0, 

tt: H >T 

in Set 



(A®®)[i?] := Y[ S. 



tt: R » 

in Set 
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Note that there are no functions tt: R — >0 in Set unless i? = 0. We will use the 
abbreviation A'^° := A®®. 

Definition 3.10. Let A,B be symmetric sequences, i? G S, and define r :— \R\. 
The circle product (or composition product) Ao B E SymSeq is defined objectwise 
by the coend 

(3.11) {AoB)[R] AA^{B^-)[R]^ ]J A[t] A s,(i?®*)[r]. 

t>o 

Definition 3.12. Let B,C be symmetric sequences, T G S, and define t := \T\. 
The mapping sequence Map°(_B, C) G SymSeq and the mapping object Map®(i?, C) G 
SymSeq are defined objectwise by the ends 

Map°(B,C)[T] Map((B®^)[-], C)^ ^ [| Map((B®*)[r], C[r])^^ 
(3.13) Map®(B, C)[T] := Map(B, C[r E -])^ ]J Map(B[r], C[t + r])^". 

r>0 

These mapping sequences and mapping objects are part of closed monoidal cat- 
egory structures on symmetric sequences and fit into isomorphisms 

hom{Ao B,C) = hom(A,Map°(S,C)), 

hom(A®B,C) ^ honi(A,Map®(B,C)), 

natural in symmetric sequences A, B, C. The mapping sequences also arise in de- 
scribing algebras and modules over operads (|3.22|) . 

Proposition 3.14. 

(a) (SymSeq, (§), 1) has the structure of a closed symmetric monoidal category. 
All small limits and colimits exist and are calculated objectwise. The unit 
1 G SymSeq is given by l[n] = * for each n>l and 1[0] = S. 

(b) (SymSeq, o, /) has the structure of a closed monoidal category with all small 
limits and colimits. Circle product is not symmetric. The (two-sided) unit 
I G SymSeq is given by I[n] = * for each n ^ I and /[I] = S . 

3.15. Symmetric sequences build functors. The category Sp^ embeds in SymSeq 
as the full subcategory of symmetric sequences concentrated at 0, via the functor 
— : Sp^ — >SymSeq defined objectwise by 

(3.16) m-.^l f°;i^i.= o, 

[ *, otherwise. 

Definition 3.17. Let O be a symmetric sequence and Z G Sp^. The corresponding 
functor O: Sp^ — >Sp^ is defined objectwise by, 

0{Z) -.= (Z) := Y[ 0[t] A st^""* ^ (O o Z)[0]. 
t>o 

3.18. Algebras and modules and over operads. 

Definition 3.19. An operad is a monoid object in (SymSeq, o,/) and a morphism 
of operads is a morphism of monoid objects in (SymSeq, o, /). 
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Similar to the case of any monoid object, we study operads because we are 
interested in the objects they act on. A useful introduction to monoid objects and 
monoidal categories is given in VII] . 

Definition 3.20. Let O be an operad. A left O-module is an object in (SymSeq, o, /) 
with a left action of O and a morphism of left O-modules is a map in SymSeq which 
respects the left O-module structure. 

Each operad O determines a functor O: Sp^ — >Sp^ fPefinition I3.17P together 
with natural transformations m : OO — >0 and -q : id — >0 which give the functor 
O: Sp^ — s-Sp^ the structure of a monad (or triple) in Sp^. One perspective offered 
in |24[ 1.3] is that operads determine particularly manageable monads. A useful 
introduction to monads and their algebras is given in [26l VI] . Recall the following 
definition from fST, 1.2 and 1.3]. 

Definition 3.21. Let O be an operad. An O-algehra is an object in Sp^ with a 
left action of the monad O: Sp^ — >Sp^ and a morphism of O-algebras is a map in 
Sp^ which respects the left action of the monad O: Sp^ — >Sp^. 

It is easy to verify that an O-algebra is the same as an object X e Sp^ with a 
left O-module structure on X, and if X and X' are O-algebras, then a morphism 
of O-algebras is the same as a map /: X — >X' in Sp^ such that /: X — yX' is a 
morphism of left O-modules. In other words, an algebra over an operad O is the 
same as a left O-module which is concentrated at 0. 

Giving a symmetric sequence Y a left O-module structure is the same as giving 
a morphism of operads 

(3.22) m: O — »Map°(r,r). 

Similarly, giving an object X G Sp^ an O-algebra structure is the same as giving a 
morphism of operads 

m: O — >Map°(X,X). 

This is the original definition given in ^iOj of an O-algebra structure on X, where 
Map°(X, X) is called the endomorphism operad of X , and motivates the suggestion 
in [Ml [3D] that 0[t] should be thought of as parameter objects for i-ary operations. 

Definition 3.23. Let O be an operad. 

• Alg(^ is the category of O-algebras and their morphisms. 

• LtQ is the category of left O-modules and their morphisms. 

The category A\gQ embeds in Lto as the full subcategory of left O-modules 
concentrated at 0, via the functor — : Alg^ — >Lta defined objectwise by (|3.16[) . 

Proposition 3.24. Let O be an operad in symmetric spectra. There are adjunc- 
tions 

Oo(-) Oo- 

(3.25) Sp^^ — ^AlgQ, SymSeq ^ — ^ Ltp, 

u u 

with left adjoints on top and U the forgetful functor. 
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Proof. The unit / for circle product is the initial operad, hence there is a unique 
map of operads / : / — >0. The desired adjunctions are the following special cases 

/. /. 
Sp^ = Alg. ^ Algo, SymSeq = Ltj ^ Lto, 

/' /* 

of change of operads adjunctions. □ 

do 

Definition 3.26. Let C be a category. A pair of maps of the form g Xi 

di 

in C is called a reflexive pair if there exists sq : Xq — >Xi in C such that do-so — id 
and diSQ — id. A reflexive coequalizer is the coequalizer of a reflexive pair. 

The following proposition is proved in [331 Proposition 2.3.5], and allows us to 
calculate certain colimits in algebras and modules over operads by working in the 
underlying category. It is also proved in [1^ and is closely related to [3 Proposition 
II. 7. 2]. Since it plays a fundamental role in several of the main arguments in this 
paper, we have included a proof below. 

Proposition 3.27. Let O be an operad in symmetric spectra. Reflexive coequaliz- 
ers and filtered colimits exist in Alg^ and Lto, <md are preserved by the forgetful 
functors. 

First we consider the following proposition which is proved in (351 Lemma 2.3.4]. 
It is also proved in Hi and follows from the proof of [Sj Proposition II. 7. 2] or the 
arguments in [121 Section 1] as we indicate below. 

Proposition 3.28. 

(a) // ^-1-6 g - Ai and Rp g Bi are reflexive coequal- 
izer diagrams in SymSeq, then their objectwise circle product 

A_i o Ao o Bp g Ai o El 

is a reflexive coequalizer diagram in SymSeq. 

(b) If A,B: D — >SymSeq are filtered diagrams, then objectwise circle product 
of their colimiting cones is a colimiting cone. In particular, there are natural 
isomorphisms 

co\im( Ad o Bd) = (coXmiAd) o (colim Bd) 

deD deD deD 

in SymSeq. 

Proof. Consider part (a) . The corresponding statement for smash products of sym- 
metric spectra follows from the proof of '5', Proposition II. 7. 2] or the argument 
appearing between Definition 1.8 and Lemma 1.9 in 12, Section 1]. Using this 
together with (|3.9p and (|3.1ip . the statement for circle products easily follows by 
verifying the universal property of a colimit. Consider part (b). It is easy to ver- 
ify the corresponding statement for smash products of symmetric spectra, and the 
statement for circle products easily follows as in part (a). □ 
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Proof of Proposition \3.27\ Suppose Aq: 
sider the solid commutative diagram 



zAi is a reflexive pair in Lto and con- 



YY 

■i 



OoOoAo 



OoOoAi 



moid 



YY 

Co A 



idom 

0$: 



7noid 



idom 



OoAi 



T^oid 



T^oid 



A-i 



Ao 



in SymSeq, with bottom row the reflexive coequalizer diagram of the underlying 
reflexive pair in SymSeq. By Proposition 13.281 the rows are reflexive coequalizer 
diagrams and hence there exist unique dotted arrows m, sq, doi di in SymSeq which 
make the diagram commute. By uniqueness, sq = ryoid, do = moid, and di = idom. 
It is easy to verify that m gives A_i the structure of a left O-module and that the 
bottom row is a reflexive coequalizer diagram in Lto ] it is easy to check the diagram 
lives in Lto f^nd that the colimiting cone is initial with respect to all cones in Lto. 
The case for filtered colimits is similar. □ 

The next proposition is proved in [35l Proposition 2.3.5]. It verifies the existence 
of all small colimits in algebras and left modules over an operad, and provides one 
approach to their calculation. The proposition also follows from the argument in [51 
Proposition II. 7. 4]. To keep the paper relatively self-contained, we have included a 
proof at the end of Section [HI 

Proposition 3.29. Let O be an operad in symmetric spectra. All small colimits 
exist in Alg^, and Lto- If A: D — >Lto is a small diagram, then colimA in Lto 
may be calculated by a reflexive coequalizer of the form 



cohm A ^ cohmf O o (cohmAd) 



(conm(OoArf)) ) 



in the underlying category SymSeq; the colimits appearing inside the parenthesis are 
in the underlying category SymSeq. 

The proof of the following is left to the reader. 

Proposition 3.30. Let O be an operad in symmetric spectra. All small limits exist 
in Mgo and Lto, and are preserved by the forgetful functors. 

4. Model structures 

The purpose of this section is to prove Theorems 11.11 and 11.31 which establish 
certain model category structures on algebras and left modules over an operad. 
Model categories provide a setting in which one can do homotopy theory, and in 
particular, provide a framework for constructing and calculating derived functors. 
A useful introduction to model categories is given in [5] ; see also the original articles 
[551 IM] and the more recent [TSl dHl 110] . When we refer to the extra structure of a 
monoidal model category, we are using [351 Definition 3.1]; an additional condition 
involving the unit is assumed in [25l Definition 2.3] which we will not require in 
this paper. 

In this paper, our primary method of establishing model structures is to use a 
small object argument together with the extra structure enjoyed by a cofibrantly 
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generated model category ([19, Chapter 11], [201 Section 2.1], ^38, Section 2]). The 
reader unfamiliar with the small object argument may consult [4] Section 7.12] for 
a useful introduction, followed by the (possibly transfinite) versions described in 
[I9l Chapter 10], ^ Section 2.1], and [38, Section 2]. 

In [38l Section 2] an account of these techniques is provided which will be suffi- 
cient for our purposes; our proofs of Theorems 11.11 and 1 1 . 31 will reduce to verifying 
the conditions of [38, Lemma 2.3(1)]. This verification amounts to a homotopical 
analysis of certain pushouts (Section 14. 3p which lies at the heart of this paper. 
The reader may contrast this with a path object approach explored in [5], which 
amounts to verifying the conditions of 38, Lemma 2.3(2)]; compare also [TTl I41j . 

A first step is to recall just enough notation so that we can describe and work with 
the (positive) flat stable model structure on symmetric spectra, and the correspond- 
ing projective model structures on the diagram categories SymSeq and SymSeq'^, 
for G a finite group. The functors involved in such a description are easy to under- 
stand when defined as the left adjoints of appropriate functors, which is how they 
naturally arise in this context. 

For each m > and subgroup H C Sm denote by I : H — the inclusion of 
groups and define the evaluation functor ev,„ : — »Sj" objectwise by ev,„(X) :— 
Xm- There are adjunctions 

c > cH 3- cS„ cS 

O* ■< ^ -6 

with left adjoints on top. Define : S* — >Sj to be the composition of the three 
top functors, and define limn evm- — >S* to be the composition of the three 
bottom functors; we have dropped the restriction functor I* from the notation. It 
is easy to check that if X G S* , then (K) is the object in S J which is concentrated 
at m with value Em -hK. Consider the forgetful functor Sp — >Sj. It follows from 
Proposition 12. 121 that there is an adjunction 

^ Sp^ 

with left adjoint on top. 

For each p > 0, define the evaluation functor Evp : SymSeq — >Sp^ objectwise 
by Evp(yl) :— A[p], and for each finite group G, consider the forgetful functor 
SymSeq'' — >SymSeq. There are adjunctions 

Sp^ < " SymSeq < ^ SymSeq*^ 

Evp 

with left adjoints on top. It is easy to check that if X G Sp^, then Gp{X) is the 
symmetric sequence concentrated at p with value X • Ep. 
Putting it all together, there are adjunctions 

G" 50- Gp G- 

(4.1) S. ^ Sp^ SymSeq SymSeq'^ 

liniff cv,„ Evp 

with left adjoints on top. We are now in a good position to describe several use- 
ful model structures. It is proved in (3^ that the following two model category 
structures exist on symmetric spectra. 

Definition 4.2. 



12 



JOHN E. HARPER 



(a) The flat stable model structure on Sp^ has weak equivalences the stable 
equivalences, cofibrations the retracts of (possibly transfinite) compositions 
of pushouts of maps 

S'»G^dA[k]+ — >S(g)G^A[k]+ (m > 0, k>Q, He subgroup), 

and fibrations the maps with the right lifting property with respect to the 
acyclic cofibrations. 

(b) The positive flat stable model structure on Sp^ has weak equivalences the 
stable equivalences, cofibrations the retracts of (possibly transfinite) com- 
positions of pushouts of maps 

S^GgdA[k]+ — >5(g)G^A[fc]+ {m>l, k>0, H c S„, subgroup), 

and fibrations the maps with the right lifting property with respect to the 
acyclic cofibrations. 

It follows immediately from the above description that every positive flat stable 
cofibration is a flat stable cofibration. Several useful properties of the flat stable 
model structure are proved in [211 Section 5.3]; here, we remind the reader of 
Remark 11.21 

The stable model structure on Sp^ is defined by fixing H in Definition 14. 2r a) to 
be the trivial subgroup. This is one of several model category structures that is 
proved in j21j to exist on symmetric spectra. 

The positive stable model structure on Sp is defined by fixing H in Definition 
I4.2r b') to be the trivial subgroup. This model category structure is proved in [28] 
to exist on symmetric spectra. It follows immediately that every (positive) stable 
cofibration is a (positive) flat stable cofibration. 

These model structures on symmetric spectra enjoy several good properties, 
including that smash products of symmetric spectra mesh nicely with each of the 
model structures defined above. More precisely, each model structure above is 
cofibrantly generated in which the generating cofibrations and acyclic cofibrations 
have small domains, and that with respect to each model structure (Sp^, A,S) 
is a monoidal model category. There is also a model structure on Sp which has 
weak equivalences the stable equivalences and cofibrations the monomorphisms |211 
Section 5.3]; this model structure is not a monoidal model structure on (Sp , A , S). 

If G is a finite group, it is easy to check that the diagram categories SymSeq 
and SymSeq'"^ inherit corresponding projective model category structures, where 
the weak equivalences (resp. fibrations) are the objectwise weak equivalences (resp. 
objectwise fibrations). We refer to these model structures by the names above 
(e.g., the positive flat stable model structure on SymSeq''). Each of these model 
structures is cofibrantly generated in which the generating cofibrations and acyclic 
cofibrations have small domains. Furthermore, with respect to each model structure 
(SymSeq, (8), 1) is a monoidal model category; this is proved in [16], but can easily 
be verified directly using (|3.13|) . 

Proof of Theorem ] 1. 11 Consider SymSeq and Sp^ both with the positive flat stable 
model structure. We will prove that the model structure on Lto (resp. Alg^,) is 
created by the adjunction 



Co- / Oo(-) 

SymSeq < ^ Lto resp. Sp < " Alg^ 

u \ u 



MODULES OVER OPERADS IN SYMMETRIC SPECTRA 



13 



with left adjoint on top and U the forgetful functor. 

Define a map / in Lto to be a weak equivalence (resp. fibration) if U{f) is a weak 
equivalence (resp. fibration) in SymSeq. Similarly, define a map / in A\gQ to be a 
weak equivalence (resp. fibration) if U (/) is a weak equivalence (resp. fibration) in 
Sp^. Define a map / in Lto (resp. Alg^) to be a cofibration if it has the left lifting 
property with respect to all acyclic fibrations in Lto (resp. Alg^). 

Consider the case of Lto. We want to verify the model category axioms (MCf )- 
(MC5) in [4]. By Propositions [3l29l and ISTSUl we know that (MCf) is satisfied, 
and verifying (MC2) and (MC3) is clear. The (possibly transfinite) small object 
arguments described in the proof of 38', Lemma 2.3] reduce the verification of (MC5) 
to the verification of Proposition 14.41 below. The first part of (MC4) is satisfied by 
definition, and the second part of (MC4) follows from the usual lifting and retract 
argument, as described in the proof of [38, Lemma 2.3]. This verifies the model 
category axioms. By construction, the model category is cofibrantly generated. 
Argue similarly for the case of Alg^ by considering left O-modules concentrated at 
0. □ 

Proof of Theorem \1.3[ Consider SymSeq and Sp^ both with the positive stable 
model structure. We will prove that the model structure on Lto (resp. Alg^) 
is created by the adjunction 



Oo- / ^ Oo{-) 



SymSeq < " Lto (resp. Sp^ < Alg 



u 

with left adjoint on top and U the forgetful functor. Define a map / in Lto to be 
a weak equivalence (resp. fibration) if U{f) is a weak equivalence (resp. fibration) 
in SymSeq. Similarly, define a map / in AIgg to be a weak equivalence (resp. 
fibration) if U{f) is a weak equivalence (resp. fibration) in Sp^. Define a map / in 
Lto (resp. Alg(p) to be a cofibration if it has the left lifting property with respect 
to all acyclic fibrations in Lto (resp. Alg^,). 

The model category axioms are verified exactly as in the proof of Theorem II. f I 
(MC5) is verified by Proposition 14.41 below since every cofibration in SymSeq (resp. 
Sp ) with the positive stable model structure is a cofibration in SymSeq (resp. Sp ) 
with the positive flat stable model structure. □ 

4.3. Homotopical analysis of certain pushouts. The purpose of this section 
is to prove the following proposition which wc used in the proofs of Theorems If .f I 
and If .31 The constructions developed here will also be important for homotopical 
analyses in other sections of this paper. 

Proposition 4.4. Let O be an operad in symmetric spectra, A G Lto, ^.i^d i : X — >Y 
a generating acyclic cofibration in SymSeq with the positive flat stable model struc- 
ture. Consider any pushout diagram in Lto o/ the form, 

(4.5) OoX 

idoz 

OoY ^AW^ooX) {OoY). 



Then j is a monomorphism and a weak equivalence. 
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Symmetric arrays arise naturally when calculating certain coproducts and pushouts 
of left modules and algebras over operads (Propositions 14.71 and I4.20p . 

Definition 4.6. 

• A symmetric array in Sp^ is a symmetric sequence in SymSeq; i.e. a functor 
A: E°P — >SymSeq. 

• SymArray := SymSeq^ ^ = (Sp^) " is the category of symmetric ar- 
rays in Sp^ and their natural transformations. 

First we analyze certain coproducts of modules over operads. The following 
proposition is proved in [16j in the more general context of monoidal model cat- 
egories, and was motivated by a similar argument given in jl41 Section 2.3] and 
[27\ Section 13] in the context of algebras over an operad. Since the proposition 
is important to several results in this paper, and in an attempt to keep the paper 
relatively self-contained, we have included a proof below. 

Proposition 4.7. Let O be an operad in symmetric spectra, A G Lto, and Y G 
SymSeq. Consider any coproduct in LIq of the form 

(4.8) AU{OoY). 

There exists a symmetric array Oa and natural isomorphisms 

AU{OoY)= HOaH^sY^'' 

q>0 

in the underlying category SymSeq. Ifq>0, then Oa[(i] is naturally isomorphic to 
a colimit of the form 

OAh] = colimf U 0[p + q]As,A«^'$= U 0[p + <i] A^^{0 o A^^ ) 

in SymSeq, with do induced by operad multiplication and di induced by m: O o A — >A. 

Remark 4.9. Other possible notations for Oa include \Jo{A) or V{A); these are 
closer to the notation used in [6l [27] and are not to be confused with the forgetful 
functors. 

First we make the following observation. 
Proposition 4.10. Let O he an operad in symmetric spectra and A G LtQ. Then 

m moid 

(4.11) A^ Co OoOoA 

idom 

is a reflexive coequalizer diagram in VXq. 

Proof. We use a split fork argument. The unit map r/: / — >0 induces a map 
So := id o ?7 o id: O o A — >0 o O o A in Ltp. Relabeling the three maps in (|4.1ip 
as do '■— m, do := w o id, c?i := id o m, it is easy to verify that do^o — id and 
diSQ — id. Hence the pair of maps is a reflexive pair in Lto, and by Proposition 
13.271 it is enough to verify that (|4.1ip is a coequalizer diagram in the underlying 
category SymSeq. The unit map ry: / — >0 also induces maps 

s^-^ ry o id: A — >0 o A 

s_i := ry o id o id : Co A >0 oOoA 
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in the underlying category SymSeq which satisfy the relations 

dodo = dodi, doS-i = id, dis^i = S-ido- 

Using these relations, it is easy to check that ()4.1ip is a coequalizer diagram in 
SymSeq by verifying the universal property of colimits. □ 

Proof of Proposition \4-T\ The objectwise coproduct of two reflexive coequalizer di- 
agrams is a reflexive coequalizer diagram, hence by Proposition l4.10l the coproduct 
(|4.8|) may be calculated by a reflexive coequalizer in LIq of the form, 

A\l{OoY)^ colim( {OoA)M{Oo Y) [O o O o A)\1{0 oY)\ 

The maps do and d\ are induced by maps m: OoO — >0 and m: OoA — >A, 
respectively. By Proposition 13.271 this reflexive coequalizer may be calculated in 
the underlying category SymSeq. There are natural isomorphisms, 

{OoA)U{OoY)^Oo{AUY) 

^ ]Jc>[t] As.(Any)®* 



q>0 p>0 

and similarly, 

(OoOoA)n(OoF) - []([]0[p + q]As,(OoA)^p)®s,r^'?, 

q>0 p>0 

in the underlying category SymSeq. The maps do and di similarly factor in the 
underlying category SymSeq. □ 

Remark 4.12. We have used the natural isomorphisms 

p+q=t 

in the proof of Proposition 14.71 

Definition 4.13. Let i: X — >Y be a morphism in SymSeq and t > 1. Define 
Qo := and Ql := F®*. For < q < t define Q* inductively by the pushout 
diagrams 

(4.14) .s,_,xs, x®(*-'')®g^_i ^ Q*_i 



in SymSeq^'. We sometimes denote Q* by Qq{i) to emphasize in the notation the 
map i: X — >Y. The maps pr^ and are the obvious maps induced by i and the 
appropriate projection maps. 
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Remark 4.15. For instance, to construct Qi, first construct Qf via the pushout 
diagram 



(4.16) 



^2 -SixEi 



S2 -y.. 



id-El X Si id®i 



S2 -Si xEi X®Y ^ 

in SymSeq^^, then construct Qf by the pushout diagram 



0? 



in SymSeq , and finaUy construct Q2 by the pushout diagram 
(4.17) S3 -El xs. Q? 



id-El xi:2id®i* 
S3 -EixSs -''^^ 



in SymSeq ^ . The map in (|4.17p is induced via (|4.16p by the two maps 

j)^®2 ^y(Sl2 

S2 -Eixsi x^y-^E2 -sixsi r^r^S2 -s, r®^ ^ y®2^ 



The pushout diagram 

(4.18) E3 -EixEixSi ^<^^<^^- 

Y 

S3 -EixSixSi X^X^Y - 



S3-E1XE. X^X'^ 



3 -SixS; 



X®Ql 



in SymSeq^^ is obtained by applying E3 -SixSa X(E)— to (|4.16|) : the map pr^ in 
()4.17p is induced via ()4.18|) by the two maps 



S3 -sixsixsi X®X®y^S3 •s.xsi 



Remark 4.19. The construction can be thought of as a St-equivariant ver- 

sion of the cohmit of a punctured t-cube |16) . There is a natural isomorphism 
(F/X)®*. 



t 

t-i 



The following proposition is proved in [16j in the more general context of monoidal 
model categories, and was motivated by a similar construction given in [B] Section 
12] in the context of simplicial multifunctors of symmetric spectra. Since several 
results in this paper require both the proposition and its proof, and in an effort to 
keep the paper relatively self-contained, we have included a proof below. 
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Proposition 4.20. Let O be an operad in symmetric spectra, A G Lto, and 
i: X — yY in SymSeq. Consider any pushout diagram in Lto of the form, 



(4.21) 



OoX- 

idoi 



■A 



OoY ^A\l^ooX) {OoY). 



The pushout in (|4.21|) is naturally isomorphic to a filtered colimit of the fo 



(4.22) A Uf^oox) (OoY) = colimf Aq Ai — ^ A 



03 



in the underlying category SymSeq, with Ao Oa[Q] = A and At defined induc- 
tively by pushout diagrams in SymSeq of the form 



(4.23) 



■At 



Proof. It is easy to verify tiiat the pusliout in (|4.2ip may be calculated by a reflexive 
coequalizer in Lto of tlie form 



A n(oox) (0 0^)=^ colim( A\l{OoY) AH {O o X)U {O oY) 



By Proposition 13. 27"! this reflexive coequalizer may be calculated in the underlying 
category SymSeq. Hence it sufflces to reconstruct this coequalizer in SymSeq via a 
suitable filtered colimit in SymSeq. A first step is to understand what it means to 
give a cone in SymSeq out of this diagram. 

The maps i and / are induced by maps id o i» and id o which fit into the 
commutative diagram 



da 



(4.24) A n (o o (X n Y)) ^ — o o (A n X n r) i — o o ((o o a) n x n r 



/ 

AH {OoY) 



ido/. 

o o (A n r) 



di 



II 

o o ((0 o A) n y) 



in Lto, with rows refiexive coequalizer diagrams, and maps i* and /, in SymSeq 
induced by i: X — >Y and /: X — >A in SymSeq. Here we have used the same 
notation for both / and its adjoint (|3.25p . By Proposition 13.271 the pushout in 
(|4.2ip may be calculated by the colimit of the left-hand column of (|4.24p in the 
underlying category SymSeq. By (|4.24p and Proposition 14. 7| / induces maps f q p 



18 



JOHN E. HARPER 



which make the diagrams 



/ / 

I V 



g.p 



t>0 



in SymSeq commute. Similarly, i induces maps iq^p which make the diagrams 
AU{Oo{XUY))= U U()i^f0^[p + q]®E,xE,X®^^r^^) 

o>0 'p>0 \ / 



{■q,p 

V 



in SymSeq commute. We can now describe more explicitly what it means to give 
a cone in SymSeq out of the left-hand column of (|4.24p . Let ip: AH {O o Y) — >• 
be a morphism in SymSeq and define ipq := (piiiq. Then ipi = ipf if and only if the 
diagrams 



(4.25) Oa[p + q]®E,xs,^^^'®r®9 OA[q]®s,r®9 



Oa[p + ci]^s,^Y^^P+'J^ 



Vp + q * 



commute for every p,q > 0. Since iq,o — id and fqQ — id, it is sufficient to consider 
q > and p > 0. 

The next step is to reconstruct the colimit of the left-hand column of ()4.24p 
in SymSeq via a suitable filtered colimit in SymSeq. The diagrams (|4.25p suggest 
how to proceed. We will describe two filtration constructions that calculate the 
pushout (|4.2ip in the underlying category SymSeq. The purpose of presenting the 
filtration construction (I4.27|) is to provide motivation and intuition for the filtration 
construction (j4.23|l that we are interested in. Since ()4.27p does not use the gluing 
construction in Definition 14.131 it is simpler to verify that (I4.22p is satisfied and 
provides a useful warm-up for working with (I4.23P . 

For each t > 1, there are natural isomorphisms 

(4.26) (^nr)®*-y®*- ]J Ep+, -s.xs, ^^"^f^'. 

p+q=t 
q>0,p>0 
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Here, {X H F)®* - F®* denotes the coproduct of all factors in {X U F)®* except 
y®*. Define Aq := ©^[0] = A and for each t > 1 define At by the pushout diagram 



(4.27) 



A. 



At 



in SymSeq. The maps /» and are induced by the appropriate maps /^^ and 
Iq^p. We want to use (|4?26)) . (|4?27)) and ((425| to verify that ((422)) is satisfied; it 
is sufficient to verify the universal property of colimits. By Proposition 14.71 the 
coproduct AM [O oY) is naturally isomorphic to a filtered colimit of the form 



An{OoY)'^ colimi Bo 



Bo 



in the underlying category SymSeq, with i?o := O^iiO] and Bt defined inductively 
by pushout diagrams in SymSeq of the form 

* ^ Bt-i 



Bt 



For each t > 1, there are naturally occurring maps Bt — >At^ induced by the ap- 
propriate and ii maps in (|4.27|) , which fit into the commutative diagram 

A\l{Oo{X\lY)) 
7 



Bo 



Ao 



Bi 



Ai 



Bo 



A. 



colinit Bt 



colimf At 



AU{OoY) 



colinif At 



in SymSeq; the morphism of filtered diagrams induces a map ^. We claim that the 
right-hand column is a coequalizer diagram in SymSeq. To verify that ^ satisfies 
£,i — £, f, by (|4.25|) it is enough to check that the diagrams 



Oa[p + ql^s.xs,^^^^'^®^ OaH^^Y^" 

Oa[p + q\<^s,^Y^(P+i^ ^^^^ colimt At 

commute for every q > and p > 0; this is easily verified using (|4.26p and (|4.27p . 
and is left to the reader. Let (p: ^ II (O o Y) — >• be a morphism in SymSeq such 
that ipi = iff. We want to verify that there exists a unique map Tp: colimt At — >■ in 
SymSeq such that ip = lp£^. Consider the corresponding maps (pi in (|4.25p and define 
TpQ :— ipQ. For each t > 1, the maps tpi induce maps ipt ■ — >• such that jt — 
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'i^t^i and Tp^^t — iff. In particular, the maps Tp^ induce a map Ip: colimt At — >■ 
in SymSeq. Using (|4.25p it is an easy exercise (which the reader should verify) 
that Tp satisfies ip = Tp^ and that Tp is the unique such map. Hence the filtration 
construction (|4.27p satisfies (|4.22p . One drawback of (|4.27p is that it may be difficult 
to analyze homotopically. A hint at how to improve the construction is given by 
the observation that the collection of maps f^ p and iq,p satisfy many compatibility 
relations. To obtain a filtration construction we can homotopically analyze, the 
idea is to replace {X If F)®* - 1"®* in ()4.27p with the gluing construction Ql^i in 
Definition 14.131 as follows. 

Define Aq Oa[0] — A and for each t > 1 define At by the pushout diagram 
(|4.23p in SymSeq. The maps /* and are induced by the appropriate maps f^ p 
and iq_p. Arguing exactly as above for the case of (|4.27p . it is easy to use the 
diagrams (|4.25p to verify that (|4.22p is satisfied. The only difference is that the 
naturally occurring maps Bt — >At are induced by the appropriate and ji maps 
in (|4:23l) instead of in (|427|. □ 

The following proposition illustrates some of the good properties of the positive 
flat stable model structure on SymSeq. The statement in part (b) is motivated by 
[6l Lemma 12.7] in the context of symmetric spectra with the positive stable model 
structure. We defer the proof to Section [6l 

Proposition 4.28. Let B G SymSeq ' and t > 1. If i: X — >Y is a cofibration 
between cofibrant objects in SymSeq with the positive flat stable model structure, 
then 

(a) X®* — ig a cofibration in SymSeq^' with the positive flat stable model 
structure, and hence with the flat stable model structure, 

(b) the map i?®StQt_i — >B(§St^'^* is a monomorphism. 

We will prove the following proposition in Section [51 

Proposition 4.29. Let G be a finite group and consider SymSeq, SymSeq*^, and 
SymSeq*^ each with the flat stable model structure. 

(a) If B <E SymSeq*^ ^ , then the functor 

B®c—: SymSeq'^ — >SymSeq 

preserves weak equivalences between cofibrant objects, and hence its total 
lefl derived functor exists. 

(b) If Z E SymSeq*^ is cofibrant, then the functor 

—®gZ: SymSeq*^ ^ — >SymSeq 

preserves weak equivalences. 

We are now in a good position to give a homotopical analysis of the pushout in 
Proposition 14.41 

Proposition 4.30. // the map i: X — >Y in Proposition \4.2U\ is a generating 
acyclic cofibration in SymSeq with the positive flat stable model structure, then 
each map jt is a monomorphism and a weak equivalence. In particular, the map j 
is a monomorphism and a weak equivalence. 
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Proof. The generating acyclic cofibrations in SymSeq have cofibrant domains. By 
Proposition l4.281 each ?V is a monomorphism. We know = OA[t]®St{Y/X)'^ 

and that * — -'Y/X is an acychc cofibration in SymSeq with the positive flat sta- 
ble model structure. It follows from Propositions 14.281 and 14.291 that jt is a weak 
equivalence. □ 

Proof of Proposition \4.4\ By assumption, the map i : X — >Y is a generating acyclic 
cofibration in SymSeq with the positive flat stable model structure, hence Proposi- 
tion |4]30] finishes the proof. □ 

5. Relations between homotopy categories 

The purpose of this section is to prove Theorem II. 41 which establishes an equiva- 
lence between certain homotopy categories of algebras (resp. modules) over operads. 
Our argument is a verification of the conditions in m Theorem 9.7] for an adjunc- 
tion to induce an equivalence between the corresponding homotopy categories, and 
amounts to a homotopical analysis (Section 15. ip of the unit of the adjunction. 



Proof of Theorem \1.4\ Let /: O — >0' be a morphism of operads and consider the 
case of left modules. We know (|1.5[) is a Quillen adjunction since the forgetful 
functor /* preserves fibrations and acyclic fibrations. Assume furthermore that / 
is a weak equivalence in the underlying category SymSeq with the positive flat stable 
model structure; let's verify the Quillen adjunction (|1.5|) is a Quillen equivalence. 
By [U Theorem 9.7], it is enough to verify: for cofibrant Z G Lto and fibrant 
B G Lto', a map ^: Z — >f*B is a weak equivalence in Lto if and only if its adjoint 
map 7y: — >B is a weak equivalence in Lto'- Noting that ^ factors as 

Z ^f*f.Z^X.f*B 



together with Proposition [521 below finishes the proof. Argue similarly for the case 
of algebras by considering left modules concentrated at 0. □ 

5.1. Homotopical analysis of the unit of the adjunction. The purpose of 
this subsection is to prove the following proposition which we used in the proof of 
Theorem 11.41 Our argument is motivated by the proof of [51 Theorem 12.5]. 

Proposition 5.2. Let f: O — >0' be a morphism of operads and consider Lto 
with the positive flat stable model structure. If Z d Lto is cofibrant and f is a weak 
equivalence in the underlying category SymSeq with the positive flat stable model 
structure, then the natural map Z >f*f*Z is a weak equivalence in Lto- 

First we make the following observation. 

Proposition 5.3. Consider SymSeq with the positive flat stable model structure. 
If W G SymSeq is cofibrant, then the functor 

— oW: SymSeq — >SymSeq 

preserves weak equivalences. 

Proof. Let A — >B be a weak equivalence in SymSeq; we want to verify 

A[t]As.(T4^^*)[r]^S[t]AE.(W^^*)[r] 

is a weak equivalence in Sp with the fiat stable model structure for each r, i > 0. 
By Proposition 14.281 we know W®^ is cofibrant in SymSeq^* with the flat stable 
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model structure for each t > 1. By considering symmetric sequences concentrated 
at 0, Proposition 14.291 finishes the proof. □ 



Proof of Provosition 1 5. 21 Let X — >Y be a generating cofibration in SymSeq with 
the positive flat stable model structure, and consider the pushout diagram 



(5.4) 



OoX 



OoY 



Zn 



in \-to- For each W € SymSeq consider the natural maps 

(5.5) ZoU{OoW)^f*f,{ZoU{OoW)), 

(5.6) ZiU{OoW)^f*f,{ZiU{OoW)), 
and note that the left-hand (resp. right-hand) diagram 

OoX ^ ZoU{OoW) =: A O' o X ^ /,^o U (C o W) =: A' 



Y 

OoY 



ZiU{OoW)^ Ac 



Y 

O'oY 



f.Zi n (o' o w) ^ f.Ao 



is pushout diagram in LIq (resp. LtQi). Assume (j5.5p is a weak equivalence for 
every cofibrant W G SymSeq; let's verify (|5.6p is a weak equivalence for every 
cofibrant W G SymSeq. Suppose W G SymSeq is cofibrant. By Proposition 14.201 
there are corresponding filtrations 



Ao 



$0 



A' 



Ai 



V 

A', 



A2- 

V 

A'- 



colim* Af 



-A„ 



colimt A^ 



f*f*A, 



together with induced maps {t > 1) which make the diagram in SymSeq commute. 
By assumption we know is a weak equivalence, and to verify ()5.6p is a weak equiv- 
alence, it is enough to check that is a weak equivalence for each t > 1. Since the 
horizontal maps are monomorphisms and we know At/At-i = C'/i[t]®Sj (i^/^)®*, 
it is enough to verify that 

^A'U {O' o (Y/X j) 



AU{Oo{Y/X))- 

is a weak equivalence, which is the same as verifying that 

Zon{OoW)U{Oo {Y/X))^f*f,{Zo U{OoW)U{Oo (Y/X))) 

is a weak equivalence. Noting that W 11 (Y/X) is cofibrant finishes the argument 
that (j5.6p is a weak equivalence. Consider a sequence 



Zo 



Zi 



Zo 



of pushouts of maps as in (|5.4p . Assume Zq makes (j5.5p a weak equivalence for 
every cofibrant W G SymSeq; we want to show that for Zoo '■= colimfc Z^ the natural 
map 

(5.7) Z^U{OoW)^f*f4Z^U{OoW)) 
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is a weak equivalence for every cofibrant W E SymSeq. Consider the diagram 

ZoU{Oo w) ^ Zi n (o o w) ^ Z2 n (o o w) > • • • 

Y Y Y 

rMZo u {o o w)) — ^ ru{Zi n {o o w)) — ^ rMz2 n {o o w^)) — > • • . 

in LIq. The horizontal maps are monomorphisms and the vertical maps are weak 
equivalences, hence the induced map (|5.7p is a weak equivalence. Noting that every 
cofibration O o * — >Z in LIq is a retract of a (possibly transfinite) composition of 
pushouts of maps as in (|5.4p . starting with ^0 = 00*, together with Proposition 
15.31 finishes the proof. □ 



6. Proofs 

The purpose of this section is to prove Propositions 14.281 and 14.291 we have also 
included a proof of Proposition 13 . 291 at the end of this section. First we establish a 
characterization of flat stable cofibrations. 

6.1. Flat stable cofibrations. The purpose of this subsection is to prove Propo- 
sition \6M which identifies flat stable cofibrations in SymSeq'^, for G a finite group. 

It is proved in that the following model category structure exists on left 
S„-objects in pointed simplicial sets. 

Definition 6.2. Let n > 0. 

• The mixed Yin-e.Quivariant model structure on Sj" has weak equivalences 
the underlying weak equivalences of simplicial sets, cofibrations the retracts 
of (possibly transfinite) compositions of pushouts of maps 

Y^n/H ■ aA[fc] + — >S„/iJ • A[fc]+ (fc > 0, iJ C S„ subgroup), 

and fibrations the maps with the right lifting property with respect to the 
acyclic cofibrations. 

Furthermore, it is proved in [39] that this model structure is cofibrantly generated 
in which the generating cofibrations and acyclic cofibrations have small domains, 
and that the cofibrations are the monomorphisms. It is easy to prove that the 
diagram category of (S°p x G)-shaped diagrams in Sj" appearing in the following 
proposition inherits a corresponding projective model structure. This proposition, 
whose proof is left to the reader, will be needed for identifying flat stable cofibrations 
in SymSeq*^. 

Proposition 6.3. Let G he a finite group and consider any n,r > 0. The dia- 
gram category (S J" ) ^ inherits a corresponding projective model structure from 
the mixed Yin-equivariant model structure on Sj" . The weak equivalences (resp. 
fibrations) are the underlying weak equivalences (resp. fibrations) in S^" and the 
cofibrations are the monomorphisms such that x G acts freely on the simplices 
of the codomain not in the image. 

Definition 6.4. Define S G Sp^ such that Sn '■= Sn for n > 1 and Sq := *. The 

structure maps are the naturally occurring ones such that there exists a map of 
symmetric spectra i: S — >S satisfying in = id for each n>l. 
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The following calculation, which follows easily from 12.91 and 12. 14|, will be needed 
for characterizing flat stable cofibrations in SymSeq'^ below. 

Calculation 6.5. Let m,p > 0, H C Sm a subgroup, and K a pointed simplicial 
set. Define X := G ■ Gp{S(E>G^K) G SymSeq'^. Here, X is obtained by applying 
the indicated functors in (|4.ip to K. Then for r = p we have 



(5AX[r])„ ^ 



X\vl 



A • -ft:)) • 



for n > m, 
for n < m, 

for n > m, 
for n ~ m, 
for n < m. 



and for r ^ p we have X [r] = * = A X [r] . 

The following characterization of flat stable cofibrations in SymSeq'^ is motivated 
by dH Proposition 5.2.2]; we have benefitted from the discussion and corresponding 
characterization in f37] of cofibrations in Sp^ with the flat stable model structure. 

Proposition 6.6. Let G he a finite group. 

(a) A map /: X — >y in SymSeq'^ with the flat stable model structure is a 
cofibration if and only if the induced maps 

X[r]o^r[r]o, r >0, n = 0, 
(SAY[r]U U^s^xir]U ^Mn^r[r]„, r > 0, n > 1, 

are cofibrations in (S^")^"^ ^'^ with the model structure of Provosition [U7S[ 

(b) A map f : X — >Y in SymSeq*^ with the positive flat stable model structure 
is a cofibration if and only if the maps ^[r]o — >y[r]o, r >0, are isomor- 
phisms, and the induced maps 

(SAY[r])n U(s^x[r]U X[v]n~*Y[rU, r > 0, n > 1, 



are cofibrations in (S^ 



with the model structure of Proposition 



Proof. It suffices to prove part (a). Consider any /: X — >Y in SymSeq with the 
flat stable model structure. We want a sufficient condition for / to be a cofibration. 
The first step is to rewrite a lifting problem as a sequential lifting problem. 



X 



Y 

Y 



{S®Y[v]),, -r[r], 



B 



Y[v]r 



Y 



{S®E[r])r. 



E[v]r 



The left-hand solid commutative diagram in SymSeq'^ has a lift if and only if the 

right-hand sequence of lifting problems in (S^") 
if the sequence of lifting problems 



X[v], 



Y 

Y[v]r 



(5Ar[r])„ 



has a solution, if and only 



Y 

■ E[v]n 
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in (Sj")^'' ^'^ has a solution, if and only if the sequence of lifting problems 

(^Ay[r])„ U(5^x[r])„ X[rU ^ i?[r]„ 

(*). 

I 

Y[rU ^ B[r]„ 




(n> 1) 



has a solution. If each (*)„ is a cofibration then / has the left lifting property 
with respect to all acyclic fibrations, and hence / is a cofibration. Conversely, 
suppose / is a cofibration. We want to verify that each (*)„ is a cofibration. 
Every cofibration is a retract of a (possibly transfinite) composition of pushouts of 
generating cofibrations, and hence by a reduction argument that we leave to the 
reader, it is sufficient to verify for / a generating cofibration. Let g: K — >L be 
a monomorphism in S*, m,p > 0, C Sm a subgroup, and define /: X — >Y in 
SymSeq*^ to be the induced map 



G ■ Gp{S®G^K) 



G ■ Gp{S(g>GgL) 



Here, the map 5* is obtained by applying the indicated functors in (|4.ip to the map 
g. We know (*)o is a cofibration. Consider n > 1. By Calculation 16.51 (*)„ is an 
isomorphism for the case r ^ p and for the case {r = p and n ^ m). For the case 
(r = p and n — m), (*)„ is the map 



Hence in all cases (*)„ is a cofibration. 
6.7. Proofs. 



□ 



Proof of Proposition \4.2!^ Consider part (b). Let g: K — >L be a monomorphism 
in S,, m,p > 0, C Sm a subgroup, and consider the pushout diagram 

(6.8) G-Gp{S®G^,K) ^Zo 



G ■ Gp{S®G^L) 

in SymSeq'^. Here, the map g^ is obtained by applying the indicated functors in 
(|4.ip to the map g. Consider the functors 

(6.9) —®GZa'- SymSeq'^ ^ — >SymSeq, 

(6.10) —®gZi: SymSeq'' ^ — >SymSeq, 

and assume (|6.9p preserves weak equivalences; let's verify (|6.10p preserves weak 
equivalences. Suppose A — >B in SymSeq'^ 
A®G— to (|6.8p gives the pushout diagram 

A®Gp{S®G^K) - 



is a weak equivalence. Applying 



(*) 



A®Gp{S®G^,L) 



■ A®gZi 
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in SymSeq. Let's check {*) is a mononiorphism. This amounts to a calculation: 
{A^G,iS^G-K))[r]^[ - p] A for . ^ 

Since the map S®G^K — >S(E)G^L is a cofibration in Sp^ with the flat stable 
model structure, smashing with any symmetric spectrum gives a monomorphism. 
It follows that (*) is a monomorphism, and hence (**) is a monomorphism. Consider 
the commutative diagram 

A^gZo A^gZi A^Gp{S(»Gil{L/K)) 

B®G^o ^ B^gZi ^ B®Gp{S®Gg{L/K)). 

Since S®G^{L / K) is cofibrant in Sp^ with the flat stable model structure, smash- 
ing with it preserves weak equivalences. It follows that the right-hand vertical map 
is a weak equivalence. By assumption, the left-hand vertical map is a weak equiv- 
alence, hence the middle vertical map is a weak equivalence and we get that (|6.10[) 
preserves weak equivalences. Consider a sequence 

^ Z\ Z2 ^ ■ ■ ■ 

of pushouts of maps as in (|6.8p . Assume (|6.9p preserves weak equivalences; we want 
to show that for Z^o '■= colim^; Zk the functor 

—<E)gZoo- SymSeq'''' — ^SymSeq 

preserves weak equivalences. Suppose A — >B in SymSeq*^ is a weak equivalence 
and consider the diagram 

A(E)gZo ^ A(g)GZi ^ A(§gZ2 ^ • • • 

Y Y T 

B®gZq B®gZ2 ^ Bi^gZs ^ ■ ■ ■ 

in SymSeq. The horizontal maps are monomorphisms and the vertical maps are 
weak equivalences, hence the induced map Ai^gZoc — ^Bi^gZoo is a weak equiva- 
lence. Noting that every cofibration * — ^Z in SymSeq*^ is a retract of a (possibly 
transfinite) composition of pushouts of maps as in (|6.8p . starting with = 
finishes the proof of part (b). Consider part (a). Suppose X — >Y in SymSeq*^ is a 
weak equivalence between cofibrant objects; we want to show that B(S)gX — >B(S)gY 
is a weak equivalence. The map * — >B factors in SymSeq*^ as 

* ^B" ^B 

a cofibration followed by an acyclic fibration, the diagram 

B'^^gX ^B'^^gY 

Y Y 
B^gX ^B®gY 

commutes, and since three of the maps are weak equivalences, so is the fourth. □ 
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Proposition 6.11. Let G be a finite group. If B G SymSeq'^ ^ , then the functor 

B®G—'- SymSeq'' — >SymSeq 

sends cofibrations in SymSeq'^ with the flat stable model structure to monomor- 
phisms. 

Proof. Let g: K — >L be a monomorphism in S^,, m,p > 0, H C a subgroup, 
and consider the pushout diagram 

(6.12) G ■ Gp{S(E)GgK) ^ Zq 



G ■ Gp{S(g)G^L) - 

in SymSeq'^. Here, the map 5* is obtained by applying the indicated functors in 
(|4.ip to the map g. Applying B®q— gives the pushout diagram 

B(E,Gp{S(E)GgK) B^gZo 

(*) (**) 



B®Gp{S®G^^L 



B®gZi 



in SymSeq. The map [*) is a monomorphism by the same arguments used in the 
proof of Proposition 14.291 hence is a monomorphism. Noting that every cofi- 
bration in SymSeq*^ is a retract of a (possibly transfinite) composition of pushouts 
of maps as in (|6.12p completes the proof. □ 

The following two propositions are exercises left to the reader. 
Proposition 6.13. Let t>\. If the left-hand diagram is a pushout diagram 

X QU{i) -QLi(j) 




in SymSeq, then the corresponding right-hand diagram is a pushout diagram in 
SymSeq^* . 

Proposition 6.14. Let t>l and consider a commutative diagram of the form 



A 



^B 



X^^Y Z 
in SymSeq. Then the corresponding diagram 



X^ 



in SymSeq * commutes. Furthermore, r s = rs and id — id. 
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The following calculation, which follows easily from ()2.9I1 . (I2.14p . and p.7|) . will 
be needed in the proof of Proposition 14.281 below. 

Calculation 6.15. Let k,m,p > 0, H d Sm a subgroup, and < > 1. Let the map 
g : 9A[fc] + — >A[fc]+ be a generating cofibration for S, and define X — >Y in SymSeq 
to be the induced map 

Gp{S®GiidA[k]+) Gp{S(S)G^^A[k]+) . 

Here, the map is obtained by applying the indicated functors in (|4.ip to the map 
g. For r = tp we have the calculation 



(5A(F^*)[r]), 



-'tp 
-'tp 



for n > tm, 
for n = <m. 



* for n < <m. 



for n > tm, 
for n < tm. 



(^AQ*_i[r]), 



5„_4™Aa(A[fc]x*) 

+ 

i]t„-ffx*a(A[fc]x*)+ 



Sfp 
Sfp 



for n > tm, 
for n = tm, 
for n < tm, 

for n > tm, 
for n < tm, 



and for r ^ tp we have (y®*)[r] = * = A (y®*)[r] and Q^_i[r] = * = AQj_i[r]. 

The following proposition is proved in [3, L2] and will be useful below for verifying 
that certain induced maps are cofibrations. 

Proposition 6.16. Let M be a model category and consider a commutative diagram 
of the form 



An 



Y 

Bo 



A, 



A. 



Bi 



Y 
B2 



m M . // the maps Aq- 
map 



is a cofibration. 



*Bq and BiYLai A2 — >i?2 a^e cofibrations, then the induced 
Ao Ua, A2^Bn Ub, B2 



Proof of Proposition \4-.2^ Consider part (a). The argument is by induction on t. 
Let m > 1, H C Em a subgroup, and k,p > 0. Let g: dA[k] + — >A[fc]+ be a 
generating cofibration for S* and consider the pushout diagram 



(6.17) 



Gp{S®G^dA[k]+) ^ Zo 



D := Gp{S®Gi^A[k]+) ^ Zi 



MODULES OVER OPERADS IN SYMMETRIC SPECTRA 



29 



in SymSeq with Zq cofibrant. Here, the map is obtained by applying the indicated 
functors in ()4.1|) to the map g. By Proposition 16. 13| the corresponding diagram 



is a pushout diagram in SymSeq^'. Since m > 1, it foUows from Proposition 
and Calculation 16.151 that (*) is a cofibration in SymSeq^', and hence (**) is a 
cofi-bration. Consider a sequence 



(6.18) 



Zi 



of pushouts of maps as in (|6.17p . define Z^o colim^ Zq, and consider the naturally 
occurring map ioo '■ Zq — >Zoo- Using ProDOsition l6.16l and (|4.14[) . it is easy to verify 
* {iq) is a cofibration in SymSeq^* , and by above we know that 



that each Zf* 



^fli is a cofibration; it follows immediately that each Z®* — '^q+i 



each Ql_i{iq)' 

is a cofibration in SymSeq^' , and hence the map Z^'^ — *Z§^ is a cofibration. Noting 
that every cofibration between cofibrant objects in SymSeq with the positive flat 
stable model structure is a retract of a (possibly transfinite) composition of pushouts 
of maps as in (|6.17p finishes the proof for part (a). Consider part (b). Proceed as 
above for part (a) and consider the commutative diagram 



(6.19) 



i(*o) 



lihio) 



Ql 



zi 



Y 



7®t 



in SymSeq^*. We claim that (|6.19p is a diagram of cofibrations. By part (a), the 
bottom row is a diagram of cofibrations. Using Proposition 16.161 and (I4.14p . it is 
easy to verify that if i and j are composable cofibrations between cofibrant objects 
in SymSeq, then the induced maps 

g*_i(*)-^Q*_i(j-z)~-Q*_i(j) 

are cofibrations in SymSeq^'; it follows easily that the vertical maps and the top row 
maps are cofibrations. Applying B®T.t^ to (|6.19p gives the commutative diagram 



(6.20) 



Bd 



7®t 



B®^^Z^' B®^^Zf' B®s,^2 



in SymSeq. By Proposition I6.1l| (I6.20p is a diagram of monomorphisms, hence 
the induced map i?(§)StQt_i(ioo) — ^B®-^^Z'§^ is a monomorphism. Noting that 
every cofibration between cofibrant objects in SymSeq is a retract of a (possibly 
transfinite) composition of pushouts of maps as in (j6.17p . together with Proposition 
I6.14[ finishes the proof for part (b). 

□ 
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Proof of Proposition \3 .2!A Suppose A: D — ^Lto is a small diagram. We want to 
show that colimA exists. It is easy to verify, using Proposition 14.101 that this 
colimit may be calculated by a reflexive coequalizer in VXq of the form, 

(moid)* 

colim A ^ colimf colim(0 o Ad) ^= colim(C' o O o A. 

V '^eD (idom). deD 

provided that the indicated colimits appearing in this reflexive pair exist in Lt©. 
The underlying category SymSeq has all small colimits, and left adjoints preserve 
colimiting cones, hence there is a commutative diagram 

(moid). 

colim(0 o Ad) < colim(e> o O o Ad) 

d6D (idom), deD 

O o (colim Ad) t O o (colim(0 o Ad)) 

^ deD ' ^ deD ' 

in Lto ; the colimits in the bottom row exist since they are in the underlying category 
SymSeq (we have dropped the notation for the forgetful functor [/), hence the 
colimits in the top row exist in Lto. Therefore colim A exists and Proposition 13. 271 
completes the proof. □ 



7. Constructions in the special case of algebras over an operad 

Some readers may only be interested in the special case of algebras over an 
operad and may wish to completely avoid working with the circle product and the 
left O-module constructions. It is easy to translate the constructions and proofs 
in this paper into the special case of algebras while avoiding the circle product 
notation. Usually, this amounts to replacing (SymSeq, ig)) with (Sp^, A), replacing 
the left adjoint Oo— : SymSeq — >Ltci with the left adjoint 0{-~): Sp^ — ^Alg^^ 
(Definition I3.17P , and then replacing the symmetric array O a in Proposition 14.71 
with the symmetric sequence O a in Proposition 17.21 We illustrate below with 
several special cases of particular interest. 

7.1. Special cases. Proposition [4?7] has the following special case. 

Proposition 7.2. LeA, O be an operad in symmetric spectra, A € Alg^, and Y G 
Sp . Consider any coproduct in MgQ of the form 

(7.3) A\10{Y). 

There exists a symmetric sequence Oa o,nd natural isomorphisms 

AUO{Y) - JIOaHAsY"^" 

q>0 

in the underlying category Sp^. Ifq>0, then Oyiiq] is naturally isomorphic to a 
colimit of the form 

Oa[^] ^ colim( U 0[P + q]A..A-^^ U 0[p + q]A.,(0(A))-^^ 
in Sp^ , with do induced by operad multiplication and di induced by m: 0{A) — >A. 
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Definition 14.131 has the following special case. 



Definition 7.4. Let i : X — >Y be a morphism in Sp^ and t > 1. Define Qq X 
and Ql :— Y^*. For Q < q < t define Q* inductively by the pushout diagrams 



in (Sp^)^*. We sometimes denote by to emphasize in the notation the 

map i: X — >Y. The maps pr, and are the obvious maps induced by i and the 
appropriate projection maps. 

Proposition 14.201 has the following special case. 

Proposition 7.5. Let O be an operad in symmetric spectra, A £ Alg^, and 
i: X — >Y in Sp^. Consider any pushout diagram in Mg^ of the form, 

(7.6) 0{X) 

id(i) j 

0{Y) ^AUoix)0{Y). 

The pushout in (j7.6p is naturally isomorphic to a filtered colimit of the form 

A Uo(x) 0{Y) = colim( Aq Ai A2 • • • ) 

in the underlying category Sp^ , with Aq :~ 0^(0] = A and At defined inductively 
by pushout diagrams in Sp of the form 

id A St i. jt 

OA[t]As,Y^'^^At 

Propositions 14.281 14.29[ and 14.30] have the following special cases, respectively. 

Proposition 7.7. Let B G (Sp^)^* and t > 1. Lf i: X — >Y is a cofibration 
between cofibrant objects in Sp^ with the positive flat stable model structure, then 

(a) X^* — is a cofibration in (Sp^)^' with the positive flat stable model 
structure, and hence with the flat stable model structure, 

(b) the map B As^Ql^i — >B A-^tY^* is a monomorphism. 

Proposition 7.8. Let G be a finite group and consider Sp^ , (Sp^)*^, and (Sp^)'^ 
each with the flat stable model structure. 

(a) If B £ (Sp^)*"^ , then the functor 

BAg~: (Sp^)''^Sp^ 

preserves weak equivalences between cofibrant objects, and hence its total 
left derived functor exists. 
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(b) If Z E (Sp^) is cofibrant, then the functor 

preserves weak equivalences. 

Proposition 7.9. If the map i: X — >Y in Proposition \ 7. 5\ is a generating acyclic 
cofibration in Sp^ with the positive fiat stable model structure, then each map jt is 
a monomorphism and a weak equivalence. In particular, the map j is a monomor- 
phism and a weak equivalence. 
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